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Introduction

With the global aging population, cancer treat-
ment faces increasing new challenges and 
complexities. As a locoregional therapeutic ap-
proach, tumor ablation has gained widespread 
clinical adoption due to its minimally invasive 
nature, cost-effectiveness, and association 
with faster recovery. Recent developments 
have seen the integration of tumor ablation 
techniques with surgical navigation systems, 
forming a novel therapeutic paradigm in oncol-
ogy. Surgical navigation systems reconstruct 

a three-dimensional spatial model based on 
preoperative imaging data to accurately lo-
calize tumors during surgery. These systems 
enable precise visualization of the tumor and 
surrounding critical structures. Surgeons can 
preoperatively plan the optimal surgical path 
using dedicated software and receive real-time 
feedback on instrument positioning throughout 
the procedure. This allows for effective avoid-
ance of vital structures and accurate targeting 
of lesions for ablation or excision [1].

As these systems continue to evolve, they are 
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Abstract

Objective: To enhance the accuracy and efficiency of tumor ablation procedures, this study integrated tumor abla-
tion technology with a surgical navigation system and addressed errors induced by electromagnetic interference 
in clinical settings. Methods: An improved singular value decomposition (SVD) algorithm was proposed, which 
iteratively traversed the point set by selecting three corresponding points at a time to compute transformation 
matrices. Each matrix was applied to the original dataset, and the one yielding the minimum error between the 
transformed and target point sets was selected as the optimal solution. This approach mitigated the influence of 
individual outlier points and significantly reduced navigation errors caused by electromagnetic interference, there-
by enhancing registration accuracy and robustness. Results: Experimental results demonstrated that the improved 
algorithm achieved high accuracy in simulating lesion localization. The root mean square error (RMSE) was em-
ployed as a quantitative metric. RMSE values were 0.85, 0.82, and 0.75 at rotation angles of 0°, 5°, and 10°, re-
spectively, indicating minimal deviation between the transformed and target point clouds. Conclusion: Compared 
with the conventional SVD algorithm, the improved method yielded consistently lower RMSE values, confirming its 
effectiveness in minimizing electromagnetic navigation errors and enhancing registration accuracy.
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Highlights
● Proposed an improved SVD algorithm to reduce errors caused by electromagnetic interference, thereby enhanc-
   ing the precision of surgical navigation systems.
● Validated the algorithm through puncture experiments on biomimetic tissue of angles 0°, 5°, and 10° , demon-
   strating high accuracy in simulating tumor localization.
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increasingly used in minimally invasive proce-
dures such as tumor thermal ablation, prostate 
surgery, and other laparoscopic interventions. 
Surgical navigation enhances anatomical clar-
ity, optimizes intraoperative decision-making, 
and reduces the risk of complications. Several 
commercial optical navigation systems—such 
as the NDI Polaris, StealthStation, and Stryker 
ADAPT, are already in clinical use [2-4].

However, electromagnetic navigation systems 
remain susceptible to errors due to environ-
mental interference [5]. These inaccuracies 
may lead to incomplete tumor ablation or un-
necessary damage to healthy tissue, ultimately 
compromising therapeutic outcomes and in-
creasing recurrence risk [6]. Clinical equipment 
and metallic instruments can reduce the accu-
racy and reliability of electromagnetic tracking 
systems, while limitations in real-time perfor-
mance may further contribute to intraoperative 
errors [7, 8].
 
This study focuses on an improved spatial 
registration method based on electromagnetic 
navigation, which links magnetic field pose data 
with medical imaging to provide real-time visu-
alization of the ablation needle’s trajectory rel-
ative to the tumor. Specifically, we propose an 
enhanced singular value decomposition (SVD) 
algorithm to mitigate electromagnetic-induced 
errors and improve the precision and efficiency 
of the ablation procedure.

Surgical navigation systems are conceptually 
composed of two core components: medical 
imaging modalities and stereotactic positioning 
systems. The imaging module typically includes 
radiographic technologies such as X-ray, com-
puted tomography, positron emission tomog-
raphy, and magnetic resonance imaging. The 
positioning subsystem encompasses optical 
tracking, electromagnetic sensors, acoustic 
guidance, and articulated robotic arms. A criti-
cal function of these systems is spatial co-reg-

istration, which accurately aligns the patient’s 
physical anatomy with virtual reconstructions 
derived from medical imaging, thereby enabling 
real-time visualization of surgical instruments 
relative to the target lesion during intervention 
procedures [9].

Despite advancements in medical imaging 
achieving submillimeter spatial resolution and 
stereotactic devices reaching micron-level 
positioning accuracy through sophisticated 
calibration protocols, the overall efficacy of sur-
gical navigation platforms remains limited by 
deficiencies in spatial registration algorithms—
particularly in multimodal image fusion and 
compensation for intraoperative tissue defor-
mation. This technological bottleneck often 
results in registration errors exceeding 2–3 
mm in clinical practice, significantly undermin-
ing the translation of theoretical precision into 
practical surgical accuracy.

To address registration inaccuracies, Zhou et 
al. employed a markerless registration method 
combined with spatial drift compensation tech-
niques [10]. Li et al. applied the Coherent Point 
Drift algorithm based on Gaussian Mixture 
Models, to register abdominal point clouds in 
scenarios lacking prominent surface features 
[6]. Xiong et al. incorporated deformable self- 
and cross-attention mechanisms into point 
cloud registration, leveraging spatial local re-
lational information as positional embeddings 
within a Spatial Deformable Transformer frame-
work [11].

Currently, most surgical navigation systems rely 
on paired point-set registration, as illustrated 
in Figure 1. This method computes a spatial 
transformation that aligns two sets of points 
captured from different coordinate systems. 
It is favored for its stability, computational 
simplicity, and efficiency. Reference points are 
typically derived from external markers placed 
on the patient’s skin or anatomical landmarks. 
These markers are localized in imaging data 
and linked to real-world coordinates through 
stereotactic calibration, thereby completing the 
co-registration between the patient’s anatomy 
and the imaging dataset.

Paired point-set registration algorithms include 
the three-point method, quaternion-based ap-
proaches, and the SVD matrix decomposition 
method. Among them, the three-point method 
offers simplicity, rapid computation, and ease 
of implementation, requiring only three cor-
responding points to complete registration. 
However, its low accuracy and sensitivity to 
measurement errors limit its utility in high-pre-

Figure 1. Schematic diagram of paired point-set 

registration.



145

Progress in Medical Devices  2025; 3 (3): 143-153. PMD24110398

Progress in Medical Devices

cision contexts. Therefore, it is generally used 
for initial alignment rather than in scenarios 
requiring fine surgical navigation accuracy.

Materials and methods

SVD matrix factorization algorithm

In spatial transformation, the coordinates of 
corresponding reference points in different co-
ordinate systems are often influenced by multi-
ple factors and may not align precisely. Sources 
of error include device inaccuracies, stereotac-
tic localization errors, and mechanical toleranc-
es of surgical instruments. Therefore, the goal 
of spatial registration algorithms is to estimate 
the optimal transformation—specifically, the 
rotation matrix R and translation vector T—that 
minimizes the alignment error [12]. This optimi-
zation problem is defined as:

                           (1)

In the equation, qi represents the coordinates 
of the i-th control point in the target coordinate 
system; pi denotes the coordinates of the i-th 
control point in the source coordinate system.

The transformation relationship is considered 
optimal, when E(R,T) is minimized. To reduce 
the impact of reference point errors, m (where 
m≥3) reference points are used to mitigate the 
influence of erroneous data on the overall re-
sult. Before solving the transformation relation-
ship between the two-point sets, their centroids 
are first calculated as follows:

                          (2)

                           (3)

In the equation, pcenter​ denotes the centroid of 
the control point set in the source coordinate 
system; qcenter​ is the centroid in the target coor-
dinate system.

Subsequently, the point sets are centered, as 
shown below.

                                                (4)

                                               (5)                                  

               

where p′i and q′i are the centered coordinates 
of the i-th control point in the source and target 
coordinate system, respectively.

With this, Equation (1) simplifies to:

                                    (6)

From equation (6), minimizing E(R,T) reduces 
to determining the optimal rotation matrix R. To 
this end, the covariance matrix H  is construct-
ed:

                                                  (7)

SVD is performed on H:

                                                    (8)

In the equation, both U and V are orthogonal 
matrices, and S is a diagonal matrix, with di-
agonal elements called singular values. This 
decomposition retains full covariance informa-
tion and provides an important foundation for 
subsequent steps.

The matrix X is then defined as:

                                                    (9)

The determinant of X is computed to detect po-
tential inversion.

1) If det(X)>0, then R = X.

2) If det(X)<0, X is a reflection matrix (indicating 
inversion). In this case, V is adjusted:

If V=[v1v2v3], then let V′=[v1v2 - v3]. In this case:

                                                  (10)

Thus, R=X′. In stereotactic navigation, however, 
mirror inversion does not occur; therefore, a de-
tected det(X)<0 suggests data inconsistencies 
that warrant further inspection.

Once R is obtained, the translation vector T is 
derived from the centroids:

                                   (11)

The R and T obtained via SVD thus represent 
the optimal solution, minimizing E(R,T).
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SVD algorithm and registration improvement

SVD registration principle 

To eliminate the influence of translational dif-
ferences between point sets, the data should 
first be centered so that their centroids coincide 
with the origin. This preprocessing step allows 
the registration process to focus solely on the 
rotational relationship between the point sets, 
thereby avoiding biases introduced by transla-
tion [13].

Once the point sets are centered, the covari-
ance matrix is computed. The covariance matrix 
captures the linear relationship between the 
two-point sets and quantifies the degree of cor-
relation between corresponding elements [14]. 
It is defined as:

                 (12)

Where ​pi and qi represent the i-th observation 
points in the two-point sets, the covariance ma-
trix Σ can be obtained as follows:

               (13)

Each element in the covariance matrix rep-
resents the covariance between the i-th coor-
dinate of point set p and the i-th coordinate in 
point set q. Specifically, the diagonal elements      
σ(pi ,qi) indicate the correlation between the 
i-th dimension of p and the i-th dimension of 
q. A value close to 0 suggests no significant 
correlation, a positive value indicates a positive 
correlation, and a negative value implies a neg-
ative correlation. 

Thus, the diagonal elements represent the vari-
ance of each dimension, providing insights into 
the data distribution and the extent of transfor-
mation. The off-diagonal elements of the cova-
riance matrix represent the correlation between 
different dimensions. Analyzing the covariance 
matrix helps reveal linear relationships be-
tween dimensions can and the underlying data 
structure. Therefore, SVD is applied to extract 
key information from the covariance matrix.

Performing SVD on the covariance matrix yields 
the matrices U 、Σ 、VT, which are used to deter-
mine the optimal rotation matrix R. For the 
rotation matrix, the least square’s objective 
function is:

                          (14)

By simplifying the above equation, we obtain:

                     (15)

Because the first two terms are constants, min-
imizing E2  is equivalent to maximizing the last 
term. We define:

                                                (16)

The objective then becomes finding the rotation 
matrix R that maximizes F. Simplifying F gives:

 (17)

In the equation, .

Let A be a symmetric positive-definite matrix. 
For any orthogonal matrix B, the following 
holds:

                                 (18)

Thus, to maximize F, it is sufficient to find the 
rotation matrix R such that RH is a symmetric 
positive-definite matrix. Given that H=U Σ VT, let 
R=VUT. 

Substituting this into the expression for RH 
gives:

                             (19)

At this point, RH is a symmetric positive-defi-
nite so R=VUT maximizes F.

Improvement of SVD-based spatial registration

As discussed in Introduction, three non-collin-
ear points are sufficient to uniquely determine 
a rigid transformation, including both rotation 
and translation [15]. If fewer than three points 
are available, the transformation cannot be 
uniquely defined. 

Conversely, using more than three points in-
troduces redundancy, potentially leading to an 
over-constrained system. Since the goal is to 
minimize the registration error E(R,T), selecting 
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three corresponding points is a practical choice 
to compute the transformation [16]. However, in 
real-world scenarios, visualization errors, noise, 
and electromagnetic interference may distort 

the point data. To reduce the influence of any 
single point on the transformation outcome, 
additional points are included in the point sets. 
Theoretically, with low noise levels, increasing 
the number of points improves the robustness 
and accuracy of the estimated transformation 
matrix [17].

In practice, however, the accuracy of the newly 
added points cannot be guaranteed. If points 
with significant errors are introduced, the over-
all transformation accuracy may deteriorate. 
To address this issue, we propose an improved 
spatial registration algorithm. This method iter-
atively selects subsets of three corresponding 
points from the full point set to compute can-
didate transformation matrices. Each matrix 
was applied to the original source point set to 
generate a transformed set, which was then 
compared to the target set. The transformation 
matrix yielding the smallest registration error 
was selected as the optimal solution. The over-
all workflow is illustrated in Figure 2.

Experiment and results analysis

Simulation experiment

A three-dimensional point set was first generat-
ed as the source dataset. Random rotation and 
translation transformations were then applied 
to this point set, with the corresponding param-
eters recorded as the ground truth. To simulate 
real-world conditions, random noise was added 
during the transformation process, producing a 
noisy target point set.

Both the standard SVD algorithm and the pro-
posed improved algorithm were used to register 
the two-point sets. The resulting transformation 
matrices were used to extract Euler angles 
and translation vectors, which were compared 
against the ground truth to evaluate registra-
tion accuracy.

The synthetic point cloud was generated using 
scientific libraries such as NumPy and Pandas, 
forming a three-dimensional virtual elliptical 
distribution, as shown in Figure 3. A series of 
random transformations was then applied to 
obtain the target point cloud. The parameters 
of the random transformation are summarized 
in Table 1.

Figure 2. Flowchart of the improved SVD algorithm. 
SVD, singular value decomposition.

Figure 3. Three-dimensional virtual elliptical point 
cloud data.

Table 1. Parameters of random transformations
Coordinate Axes Euler Angles (°) Translation (mm)
X Axis 42.59 9.96
Y Axis 40.53 7.72
Z Axis -32.12 3.97
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Rotation matrix and transformation matrix 
construction

The rotation matrix is derived from sequential 
rotations around the X-, Y-, and Z-axes, as de-
fined by the following

                         (20)
                                             

In the formula,

The specific expression is given by:

 (21)

Substituting the data, the rotation matrix is 
solved as:

(22)

The translation vector is constructed based on 
the translation distances:

             (23)

By combining the rotation matrix and the trans-
lation vector, the 4×4 transformation matrix T 
is formed:

                                                    (24)

By substituting the data:

   (25) 

Following established practices in registration 
and point cloud matching research, Gaussian 
noise was introduced during coordinate trans-
formation to simulate real-world uncertainties, 
such as electromagnetic interference and 
sensor measurement errors [18-20]. Specif-
ically, the transformation matrix was applied 
to the original point cloud data, and random 
noise was added during this process to mimic 
real-world conditions, generating a new set 
of point cloud data. This data is visualized in 
Figure 4, where blue points represent the new 
point cloud data.

Both the standard SVD algorithm and the im-
proved version were applied to the original and 
noisy point clouds. Euler angles and transla-
tion vectors were computed from the resulting 
transformation matrices and compared with 
the ground truth parameters (Table 2).

The translation errors were minimal and are 
therefore omitted. Squared differences for each 
point set are shown in Figure 5.

As shown, both algorithms achieved high spa-
tial transformation accuracy. However, in prac-
tical applications—such as surgeries involving 

Table 2. Calculated random transformation parameters
Coordinate Axes Original Transformation SVD Algorithm Improved Algorithm
X Axis 42.59 42.47 42.70
Y Axis 40.53 40.63 40.52
Z Axis -32.12 -32.54 -32.38

Note: SVD, singular value decomposition.

Figure 4. Comparison of point cloud data before and 
after transformation.
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electromagnetic tracking—metallic interference 
could introduce substantial error to individual 
data points. To simulate this, controlled pertur-
bations were introduced into the dataset.

In such cases, traditional SVD cannot identify 
or exclude outliers, as it gives equal weight to 
all correspondences. Consequently, registration 
accuracy declines when outliers are present.

The improved algorithm addresses this limita-
tion by iteratively selecting subsets of three cor-
responding points and identifying the transfor-
mation matrix that minimizes registration error. 
This approach effectively reduces the influence 
of erroneous data points.

The experiment is repeated with a small num-
ber of deliberately introduced high-error points. 
The performance of both algorithms is shown 
in the Table 3. The average squared differences 
for each method are shown in Figure 6.

The results clearly demonstrated that the con-
ventional SVD algorithm is vulnerable to outli-
ers. Because it incorporates all point correspon-
dences—including those with large deviations—
into its computation, it suffers from decreased 
registration accuracy. 

In contrast, the improved SVD algorithm em-
ployed a robust outlier rejection mechanism 
prior to transformation estimation. By selec-
tively retaining geometrically consistent point 

pairs through iterative consistency evaluation, 
the algorithm enhanced registration precision 
and minimizes the impact of noisy or erroneous 
data points.

Physical model experiment

In the physical model experiment, two coordi-
nate systems were established: the electro-
magnetic coordinate system of external fiducial 
markers and their corresponding 3D coordi-
nates in the medical image space. Specifically, 
electromagnetic sensors are affixed to the 
patient’s skin as fiducial points. CT scanning 
was then performed to acquire medical images 
containing these markers. Simultaneously, the 
electromagnetic navigation system continuous-
ly tracked the pose of each fiducial point in real 
time.

First, the coordinates of the fiducial points in 
both systems were registered to derive a trans-
formation matrix between the electromagnetic 
and medical image coordinate systems. Subse-
quently, an electromagnetic sensor was mount-
ed on the surgical instrument. Using the trans-
formation matrix, the instrument’s position 
was displayed in the medical image coordinate 
space, thereby enabling real-time image-guided 
navigation to the target lesion.

Since the physical model lacks CT data, its 
dimensions and lesion coordinates were 
predefined. Based on the principles of im-

Figure 5. Squared differences for each point set.

Table 3. Transformation parameters after adding high-error points
Coordinate Axes Original Transformation SVD Algorithm Improved Algorithm
X Axis 42.59 39.97 42.82
Y Axis 40.53 43.64 40.03
Z Axis -32.12 -34.17 -36.93

Note: SVD, singular value decomposition.
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age-based coordinates, a virtual image space is 
constructed. Fiducial sensors were positioned 
at designated locations, and their coordinates 
in the virtual environment were obtained. Given 
the known location of the lesion in the physical 
model, its image-space coordinates can also be 
derived.

By aligning the electromagnetic and image 
coordinates, the system guided the ablation 
needle to the target, as illustrated in Figure 7. 
The white lines indicate the planned navigation 
path, and the red lines show the real-time posi-
tion of the ablation needle.

An electromagnetic sensor was affixed to the 
tip of the ablation needle to capture its re-
al-time pose. A local coordinate system was 
established with the sensor’s center as the or-
igin. Using the known geometry and mounting 
location of the ablation needle, the needle tip’s 
position in the local coordinate system was cal-

culated. This is then transformed into the elec-
tromagnetic coordinate system. Applying the 
precomputed transformation matrix, the needle 
tip’s position was finally represented in the 
medical image space. Since the coordinates 
of the lesion are known, the needle tip can be 
precisely guided into the target under real-time 
image navigation.

To validate the feasibility of the proposed al-
gorithm, a series of physical experiments were 
conducted. In the first experiment, six sensors 
were placed on a simulated tissue to mimic the 
location of potential model to emulate lesions. 
Guided by the navigation software interface, 
a biopsy needle was inserted into the model 
based on system instructions.

During the procedure, the clinician adjusted 
the needle in real time via the software inter-
face, ensuring that the virtual needle and its 
tip aligned with the preplanned puncture path. 

Figure 6. Squared differences after adding high-error points.

Figure 7. Navigation system integrated with physical model. (A) Navigation System Overview; (B) Integration with 
Phantom.
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As shown in Figure 8, needle insertions were 
performed at three angles: 0°, 5°, and 10°. 
To minimize electromagnetic interference, all 
potential sources were kept at least 2 meters 
away from the setup (FG ≤ 2 m).

First, a target point was defined within the sim-
ulated tissue. The navigation system was used 
to identify its coordinates, and the relative po-
sitioning between the needle tip and the target 
was calculated. The path was then planned 
and executed accordingly. Once the needle tip 
reached the target, its final position was record-
ed using the navigation system. These data 
were used to evaluate localization accuracy. All 
participating clinicians had prior experience op-
erating the navigation system.

To assess the precision of the experiment, the 
standard deviation of multiple insertions was 
calculated:

(26)

In the formula, pi​ represents the needle tip po-
sition in the i-th insertion, and the centroid po-
sition of the point cloud formed by the needle 
tip’s position in the n-th insertion.

In this experiment, the accuracy was validated 
by measuring the root mean square error be-

tween the actual needle tip positions and the 
target lesion location. The formula is as follows:

(27)

In the formula, ​pobs,i represents the actual nee-
dle tip position in the i-th insertion, and ptru,  
ptru,i denotes the target lesion position for the i-th 
insertion.

The experimental results are presented in 
Table 4. Each needle insertion angle (0°, 5°, 
and 10°) was tested 100 times. For every five 
insertions, the centroid of the resulting point 
cloud was calculated, and its root mean square 
error relative to the target lesion location was 
computed.

Similarly, using the traditional SVD algorithm, 
needle insertions at angles of 0°, 5°, and 10° 
were repeated 100 times into the same lesion. 
The centroid of the point cloud formed by the 
actual needle tip positions from every five in-
sertions was calculated. The root mean square 
error between each centroid and the target le-
sion position was then computed (Table 5).

The comparison results indicate that the im-
proved SVD algorithm consistently achieved 
lower maximum errors and smaller standard 
deviations across all insertion angles. These 

Figure 8. Needle insertion into simulated tissue. (A) Insertion at 0°; (B) Insertion at 5°; (C) Insertion at 10°.

Table 4. Root mean square error for needle insertions at different angles using the improved SVD algorithm
0 5 10

Maximum Value 1.21 1.2 0.98
Standard Deviation 1.01 1.03 0.73
Note: SVD, singular value decomposition.

Table 5. Root mean square error for needle insertions at different angles using the traditional SVD algorithm
0 5 10

Maximum Value 1.38 1.25 1.19
Standard Deviation 1.22 1.19 0.84

Note: SVD, singular value decomposition.
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findings highlight the enhanced accuracy and 
stability of the improved algorithm compared to 
the traditional approach. 

Notably, at angles of 10° and 15°, the reduc-
tions in both maximum error and variability 
were particularly substantial, suggesting that 
the improved algorithm can more effectively 
limit deviation in needle trajectory. In clinical 
scenarios, this capability translates into more 
accurate targeting of the lesion, improved surgi-
cal success rates, and enhanced postoperative 
recovery for patients.

Conclusion

In conclusion, the improved SVD algorithm 
demonstrates not only theoretical advantages 
but also excellent performance in practical 
applications. By minimizing registration errors 
caused by variations in needle insertion angles, 
the algorithm significantly improves the preci-
sion and safety of tumor ablation procedures. 
Its high clinical applicability and potential for 
widespread implementation are evident.

Future work should focus on further optimizing 
the algorithm by incorporating diverse clini-
cal datasets and applying it to various tumor 
types, thereby strengthening its robustness and 
broadening its scope of application in interven-
tional oncology.
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